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We prove the variation formula, the embedding formula, and the adiabatic limit formula
for equivariant Bismut-Cheeger eta forms with a fiberwise compact Lie group action.
We only need the condition that the kernels of corresponding fiberwise Dirac operators

form vector bundles.

1 Introduction

The Atiyah-Patodi-Singer eta invariant is the boundary contribution of the index
theorem for manifold with boundary with the global boundary condition [2]. Its family
extension, the Bismut-Cheeger eta form, is well defined for a fibration of spin manifolds
when the kernel of the fiberwise Dirac operator forms a vector bundle [8]. Moreover,
the Bismut-Cheeger eta form can be naturally extended to the equivariant case for a
fiberwise compact Lie group action. If the base manifold of the fibration is a point and
the group is trivial, the equivariant eta form degenerates to the eta invariant. So the
equivariant eta form can be considered as the equivariant higher-degree version of the
eta invariant.

The purpose of this paper is to generalize some properties of eta invariants:

the variation formula, the embedding formula, and the adiabatic limit formula, to
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equivariant Bismut-Cheeger eta forms. For the variation formula and the adiabatic limit
formula, we remove additional technical assumptions in previous paper [21].

In [22, 23], the author proved these properties for the equivariant eta form with
perturbation, which is the equivariant version of the modified eta form in [30, 31]. In
this paper, we obtain these formulas for the equivariant version of the original Bismut-
Cheeger eta form by comparing these two versions of equivariant eta forms and the

analysis of the equivariant Dai-Zhang higher spectral flow.

1.1 Properties of reduced eta invariants

Let (X,g™) be an odd dimensional closed spin manifold. Let E := (E, h¥, VF) be a triple
that consists of a complex vector bundle E over X, a Hermitian metric hf on E and a
connection V¥ preserving hf. We call E a geometric triple. Let D)E( be the Dirac operator
twisted with these geometric data. The Atiyah-Patodi-Singer eta invariant of the Dirac
operator is defined by

n (Df() = /Ooo Tr [D)E( exp (—u(Df})z)] jTu_u, (1.1)

which is a global spectral invariant. The reduced version
_ 1 | -
g (D}E() =50 (D}E() + 2 dim ker DY (1.2)

appears as the boundary term in the index theorem of Atiyah-Patodi-Singer [2] for
compact manifold with boundary.

Note that the eta invariant depends on the geometric data (g™, h®, VF). So it is
not a topological invariant. But when the geometric data varies, the variation formula
could be written explicitly.

For i = 0,1, let g/* be Riemannian metrics on TX and V¥ be Levi-Civita
connections with respect to g7*. Let E; = (E,h¥, Vf), i = 0,1, be two geometric triples
over X. Let D; be the Dirac operator_s associated with the geometric data (g%, VF),

respectively.

Theorem 1.1. [3] The difference of two reduced eta invariants

i (D) — i (Dg) = / A (TX, vIx, vfx) ch (E vg)
X

+/XK(TX,VTX)EE(E,V§,VIE)+sf(D0,D1). (1.3)
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10966 B. Liu

Here, ’A\(-), ch(.) are the A-form and the Chern character form [4, Section 1.5], i(), gﬁ(-)
are corresponding Chern-Simons forms [29, Definition B.5.3] and sf (D0rD1) € 7Z is the

spectral flow between D, and D, [3, p. 94].

Another important property of the eta invariant is the Bismut-Zhang embedding
formula [11], which plays the key role in the differential index theorem [19] and the
equivariant version of which [22] is an important component in the proof of the

localization formula of eta invariants [24].

Theorem 1.2. [11]Leti:Y — X be an embedding between two odd-dimensional closed
spin manifolds. Let g’¥ be a Riemannian metric on TX and g’ be the induced metric
on TY. Let VI¥ and V'* be corresponding Levi-GCivita connections. Let u = (u, h#, V¥)
be a geometric triple over Y. Then there exist geometric triples &, = (£, h5*, V5F) over
X satisfying the metric condition [11,(1.10)] and a spectral f low_term sf(Y,X) € Z such
that

A(D%) — (D) = (DY) + /X A(TX, V™)p (Y, X)

+/§(TY, vIYN gTXIr) 2~ (7, v )ch(E, VE) + sf(V,X). (1.4)
Y

Here, V¥ is the connection on the normal bundle N of ¥ in X induced from the connection
VX, vIYN .— vT¥ o VN and y (Y, X) is the Bismut-Zhang current introduced in [11].

Remark that the vector bundles £, over X are the Atiyah-Hirzebruch direct image
[1] of v over Y and the geometric triples £, were constructed in [11, (1.10)]. Bismut
and Zhang [11] established this embedding formula as an equation mod Z. In [18,
Theorem 4.1], when X and Y are boundaries, the hidden mod Z term was explained
as some APS index. In [22], the author explained the mod Z term as a spectral flow
constructively in general case.

Now, we introduce the adiabatic limit formula of eta invariants established by
Bismut and Cheeger [8] and Dai [16]. Let # : W — B be a submersion of two closed
manifolds with fiber X. Let TX := ker(x, : TW — TB) be the relative tangent bundle. Let
THEW be a horizontal subbundle of TW such that TW = TEW & TX. Let g”* be a metric on
TX. Let VTX be the connection on TX associated with (TE W, g™¥) defined in (2.2). Assume
that TX has a spin structure. Let E be a geometric triple over W. Let D% be the fiberwise

Dirac operator (see (2.4)). Assume that ker D% forms a vector bundle over B. Under this
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assumption, the Bismut-Cheeger eta form 72¢ (7, E) € Q*(B) (non-equivariant version of
Definition 2.1) is well defined. Moreover, by [8, (0.6)] and [16, (0.2)],

/ A(TX, VIX¥)ch(E, VE) — ch(ker DE, VXeT), if dim X is even;
difCn, By =§ ¥ (1.5)
/ A(TX, VIX¥)ch(E, VE), if dim X is odd.
X

Here, VX' is the connection on the vector bundle keer( defined in (2.6). Let g’ be a
Riemannian metric on TB. Assume that B is spin. Then W is also spin. For t > 0, let
g{" = g™ @t 27*g"®, which is a Riemannian metric on TW. Let D}, , be the Dirac
operator associated with (ng, VE). The following theorem, called the adiabatic limit
formula, was established by Bismut and Cheeger [8] when D% is invertible and later
extended to the case that keer( forms a vector bundle [16]. See also [26, (54)] and

[35, Theorem 2.5] for some discussions and applications.

Theorem 1.3. [8, 16] If dim W is odd,

/K(TB, VTB)f/BC(n,E) +7 (Dl;erD)Ef) mod Z, if dimX is even;
lim 7 (Dﬁ, t) o (1.6)
t—0 ! —~
/ A(TB,VT®)#8¢(z,E) mod Z, if dimX is odd.
B
Remark that if B is a point and dim X is odd,
~BC 1 E
o (m,E)= E”(DX)' (1.7)

Thus, the Bismut-Cheeger eta form can be considered as the higher degree version of

the eta invariant.

1.2 Reduced equivariant Bismut-Cheeger eta form

Let G be a compact Lie group that acts on W and B such that 7 og = 7 for any g € G.
Then the G-action on B is trivial. We assume that the G-action preserves the splitting
TW = THW @ TX and the spin structure of TX. We assume that E is G-equivariant and
g™, hE, VE are G-invariant. Then the G-action commutes with D%.

Assume that keer( forms a vector bundle over B. Under this assumption, the
equivariant Bismut-Cheeger eta form ﬁgc(n,E) € Q*(B) is well defined for any g € G

(Definition 2.1). For the unity e € G, 8¢(x, E) = ii¢(rr, E). Moreover, by [21, (1.3)] (cf. also
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10968 B. Liu

[16, (0.2)]),

/ Kg(TX, VTX)chg(E, vE) — chg(kerDE, vEery if dim X is even;
Ao, B = | ¥ (1.8)
/ A, (TX,V™)chy(E, VE), if dim X is odd.
X9

Here, X9 is the fixed point set of g € G on X, Kg() and chg(~) are the equivariant A-form
and the equivariant Chern character form, respectively (see, e.g., [25, Definition 1.3] and
[21, (2.44), (2,45)] for the definitions).

As in (1.2), we define the reduced equivariant eta form ﬁgc(n,E) by

1
7sC(, E) + Echg(kerDE ,VEeT)y if dim X is odd;

g’ (1, E) = (1.9)

g’ (1, E), if dimX is even.

When B is a point and dim X is odd, as in (1.7), we have
12¢(n, E) = 7(DE). (1.10)

So the reduced equivariant Bismut—Cheeger eta form is the equivariant higher-degree
version of the reduced eta invariant.

In this paper, we will generalize Theorems 1.1- 1.3 for reduced eta invariants
to reduced equivariant Bismut-Cheeger eta forms. For the analogue of these results for
holomorphic torsion forms, see [34, Appendix].

For the generalization, the main difficulties are concentrated on the spectral
flow terms. In order to generalize these terms, we need to replace the spectral flow
terms by the equivariant higher spectral flow terms. Unfortunately, until now, the
equivariant higher spectral flow is only well defined when the family index vanishes
as an element of the equivariant K-group of the base space (see [17, Definition 1.5] and
[23, Definitions 3.7, 3.8]). In general, the assumption that the kernel of the fiberwise
Dirac operator forms a vector bundle cannot guarantee that the family index vanishes.

In this paper, we use a trick to overcome this difficulty by adding new vector
bundles to make the equivariant family index vanish. In this case, the equivariant eta
form with perturbation is well defined (Definition 2.2). Then we establish a comparison
formula between it and the reduced equivariant eta form (1.9). And the generalizations

follow from the results for equivariant eta forms with perturbation in [23] and
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the analysis of the higher spectral flow. This trick is inspired by the perturbation
techniques in [19, 26].

Although we use the spin condition here, all results in this paper can be
naturally extended to the equivariant Clifford module case.

In the following subsections, we will describe our results in more details.

1.3 Variation formula

Letw : W — Bbe an equivariant submersion of two closed G-manifolds with closed fiber
X such that G acts on B trivially and the relative tangent bundle TX has an equivariant
spin structure. Let T{ W and THW be two equivariant horizontal subbundles. Let g2¥
and gT¥
in (2.2) associated with (T§W,gf*) and (TEW,gl*). Let E; = (E,hE,VE), i = 0,1,
be two equivariant versions of geometric triples over W. Let D%, and D, be two
fiberwise Dirac operators associated with (g3%

that ker(D}";lO) and ker(Df(VI) form vector bundles over B. Let ﬁgB%(n,E) and ﬁg,cl (7, E)

be two G-invariant Riemannian metrics on TX. Let V¥ and VX be connections

, VE) and (g%, VE), respectively. Assume

be corresponding reduced equivariant eta forms in (1.9). Let K;(B) be the equivariant
topological K-group of B. Let chg : K;(B) — H*(B,C) be the equivariant Chern character
map (see (2.14) for the definition of ch, on Kcl;(B)) forg e G.

Theorem 1.4. There exists x € K;(B), such that modulo exact forms on B, for g € G,

=

B - 850, = [ R (1,98, 1) o (5 V)

X9

+/XgKg (TX,VlTX) ch, (E,Vg,vf)—i—chg(x). (1.11)

Here, Kg(~), Eflg() are equivariant Chern-Simons forms associated with equivariant
A-forms and equivariant Chern character forms, respectively, which are the natural

equivariant versions of [29, Definition B.5.3].

Remark that if B is a point, dim X is odd and G = {e}, Theorem 1.4 degenerates
to Theorem 1.1. If G = {e}, Theorem 1.4 follows directly from the family APS index
theorem [30, 31] for the submersion W x [0,1] — B with fiber X x [0, 1]. In this case,
the element x € K*(B) in (11) is a family APS index. For the equivariant case, in [21], the
author established this formula under the assumption that there exists a smooth path

connecting the geometric data (TY W, g7, hE, V) and (TEw, 7%, hf, VE) such that there
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is no higher spectral flow along this path. Here, we remove this additional assumption.
In [23, Theorem 1.2], the author established the variation formula for the equivariant
eta forms with perturbation (see Proposition 3.1). For variation formula of eta forms for

other settings, see, for example, [12, 13, 20, 26].

1.4 Embedding formula

Let i : W — V be an equivariant embedding of two closed G-manifolds with even
codimension. Let 7y, : V — B be an equivariant submersion with closed fiber X, whose
restriction 7y, : W — B is also an equivariant submersion with closed fiber Y. We

assume that G acts on B trivially. We have the diagram of fibrations:

Y—w

IS
1 1
y
X—V—B.

Let THV be an equivariant horizontal subbundle over V. Assume that
THV|y, € TW. Set THW := THV|y,. Then TEW is an equivariant horizontal subbundle
over W. Let g™ be an equivariant metric on TX and g’ be the induced metric on
TY. We assume that TY and TX have equivariant spin structures. Let N be the normal
bundle of TY in TX. Let V¥ and VX be connections in (2.2) associated with (THW, gT%)
and (THV,g™), respectively. Let V¥ be the connection on N induced from VX, Set
VTY,N = VTY @ VN

Let u = (u, h*, V*) be an equivariant geometric triple over W. As in Theorem 1.2,
by [22, Section 3.3] (see also [11, (1.10)], [24, Section 1.4]), we can construct the
equivariant version of the Atiyah-Hirzebruch direct image: the equivariant geometric
triples &, = (£,, h5*, V&) over V satisfying the equivariant metric condition [22, (3.13)].

Assume that ker Dif, kerDi;, and ker D’;, form vector bundles over B.

Theorem 1.5. There exists x € K;(B) such that modulo exact forms on B, for g € G,

FEC(ty,£,) — T Gy, £) = REC (g, 1) + /X Ry(Tx, Ty, (79, X)

+/ Xg(TY,VTY'N,vTXlwg)Kg‘l(N,vN)chg(E,VE)+chg(x). (1.12)
Y9

Here, yg(Yg ,X9) is the equivariant Bismut-Zhang current defined in [22].
Remark that for Clifford module case, Theorem 1.5 needs an additional assump-

tion that NV has an equivariant spin® structure as in [22].
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When B is a point, dimX is odd and G = {e}, Theorem 1.5 degenerates to
Theorem 1.2. Remark that in [22], the author obtained the equivariant version of

Theorem 1.2 and generalized it to the equivariant eta forms with perturbation.

1.5 Functoriality

Let W, V, B be closed G-manifolds. Let 7y : W — V, n, : V — B be equivariant
submersions with closed fibers X, Y. Then 73 = 7, 0om; : W — B is an equivariant
submersion with closed fiber Z. Assume that G acts on B trivially. We have the diagram

of fibrations:
X—Z—>W

mlooml

Y—V——>B.

Assume that relative tangent bundles TX and TY have equivariant spin struc-
tures. So is the relative tangent bundle TZ ~ 7} TY & TX. Let (TE W, g™), (T}V, g™¥) and
(T W, g™) be equivariant geometric data with respect to 7;, 7,, and 5 as in Section 1.2.
Let VTX, V¥, and V? be the corresponding connections on TX, TY, and TZ as in (2.2).
Set VIVTX .= 73vTY o VTX Let E = (E, h¥, VE) be an equivariant geometric triple over W.

Let DY and D be fiberwise Dirac operators associated with (g7%, V%) and
(g™, VE). Assume that ker D£ (resp. ker D) forms a vector bundle over V (resp. B). Let
vker be the induced G-invariant connection on the vector bundle keer( as in (2.6). Let

ker DE

D, be the fiberwise Dirac operator twisted with the vector bundle keer( over V

. . ker DE
associated with (g7%, vker) such that ker DYer X forms a vector bundle over B.

Theorem 1.6. There exists x € K{;(B), such that modulo exact forms on B, for g € G, if

dim X is even,

g’ (3, E) = 7 (715, ker DF) + / Kg(Tz,vTY'TX,vTZ) chy(E, V¥)
79

+ [ By, I 86, B) + ohy(x; (113
v9
if dim X is odd,

¢ (3, E) = / A, (T2, VTV ™%, V%) ch (E, V)
Z9

+ / Ay(TY, V™) iiC(my E) + chy(x).  (1.14)
Y9
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Remark that when B is a point, G = {e}, Theorem 1.6 is a general-
ization of Theorem 1.3. In fact, let VtTZ be the Levi-Civita connection associ-
ated with g™ @ t2x7g"". Then, by [21, Proposition 4.5] (cf. also [27, (4.32))),
limtﬁoﬁg(TZ,VTY'TX,VtTZ) = 0. The hidden mod Z term in (1.6) is explained here as
a spectral flow.

In [21], we established this formula under the assumptions that kerDl;erD)E‘ =0
and there is no higher spectral flow in all deformations. Here, we remove these
assumptions. Notice that if dim X is odd, (14) seems different from [21, Theorem 1.3].
But they are the same under the assumptions in [21, Theorem 1.3]. The reason is that
if dim X is odd, the term ﬁg(TfV,gTY,hLY,hkerDX,VLY,VkerDX) in [21, (1.6)] vanishes by
counting degrees on both sides. In [23], we obtain the functoriality for equivariant eta
forms with perturbation. See also [5, 13-15, 20, 27, 28] for other settings.

Note that when the fiberwise Dirac operator D is a fiberwise signature operator,
ker D naturally forms a vector bundle. In this case, the mod Z term in (1.6) was
constructed by spectral sequences in [16]. When the formulas are extended to the
equivariant family case, the spectral sequence terms should be generalized to the
equivariant Chern characters of some vector bundles arising from the study of spectral
sequence as in [13, 28].

Naturally, the functoriality can be extended to the multifibration case in
[8, Appendix 2].

1.6 The organization of the article

This article is organized as follows. In Section 2, we recall the definition of the
equivariant Bismut-Cheeger eta form and compare it with the equivariant eta form
with perturbation. In Sections 3—- 5, we prove Theorems 1.4— 1.6 using the comparison

formulas in Section 2.

Notation. All manifolds in this paper are smooth and without boundary. We denote by
d the exterior differential operator and d® when we like to insist the base manifold B.

We use the superconnection formalism of Quillen [32]. If A is a Z,-graded
algebra, and if a,b € A, then we will note [a,b] := ab — (—1)de8@dee®)pg a5 the
supercommutator of a,b. If E,E’ are two Z,-graded spaces, we will note EQE’ as the
Z,-graded tensor product as in [4, Section 1.3]. If one of E, E’ is ungraded, we understand
it as Z,-graded by taking its odd part as zero.

For the fiber bundle 7 : W — B, we use the sign convention for the integration

of the differential forms along the oriented fibers Z as follows: for « € Q°*(B) and
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B € Q* (W),

/(n*a)/\ﬁzot/\/ﬂ. (1.15)
z z

2 Bismut-Cheeger Eta Forms

In this section, we recall the definitions of the equivariant Bismut-Cheeger eta form
and the equivariant version of the eta form with perturbation, which was originally
introduced in [30, 31], and study the relations between them.

Let G be a compact Lie group. Let 7 : W — B be an equivariant submersion of
two compact G-manifolds with compact fiber X such that G acts on B trivially.

Let TX := ker(w, : TW — TB) be the relative tangent bundle. Then TW and TX
are equivariant vector bundles over W. Let THEW C TW be an equivariant horizontal
subbundle, such that

™W = THW & TX. (2.1)

Since G is compact, such THW always exists. Let P7X : TW — TX be the projection
associated with (2.1). Note that THW = 7 *TB.

Let g™, g"8 be G-invariant metrics on TX, TB. We equip TW = THW & TX with
the G-invariant metric g™ = 7*g"™ @ g™. Let VIW be the Levi-Civita connection on
(TwW,g™). Let VT be the connection on TX defined by

vIX _ pTXyTWpTX (2.2)

It is a G-invariant Euclidean connection on TX that depends only on (TZW,g™) (cf.
[6, Theorem 1.9]). Let V'? be the Levi-Civita connection on (TB,g™®). Let VIBTX be the

connection on TW defined by
VTB,TX — n,*vTB @ VTX (23)

which is also G-invariant.

Let C(TX) be the Clifford algebra bundle of (TX,g™), whose fiber at w € W
is the Clifford algebra C(T,,X) of the Euclidean space (T, X, g’"%). We assume that TX
has a G-equivariant spin structure. Let Sy be the spinor bundle over W for (TX, g™¥),

which has a smooth action of C(TX) and is G-equivariant. Let VS¥ be the G-invariant
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10974 B. Liu

connection on Sy induced by V¥, If dim X is even, Sy is naturally Z,-graded and V¥
preserves this Z,-grading.

Let E be an equivariant complex vector bundle over W. Let h¥ be a G-invariant
Hermitian metric on E. Let VZ be a G-invariant Hermitian connection on (E, hf). As
in Section 1.1, we say E = (E,h¥, VF) is an equivariant geometric triple over W. Set
VSx®E .— vSx @ 1 4+ 1 @ VE. Then VS*®E {5 a G-invariant Hermitian connection on
(Sy ® E, h @ hF).

Let {ei}?:i‘fx be a local orthonormal frame of TX. The fiberwise Dirac operator is
defined by

dim X
DE = > cle)V5r®E, (2.4)

i=1

which is independent of the choice of the local orthonormal frame. If dim X is even, the
fiberwise Dirac operator D5 = D, @ D_ with respect to the Z,-grading.

For b € B, let &, be the set of smooth sections over X, = 7 ~1(b) of Sy Q Ely, . As
in [6], we will regard £ as an infinite dimensional vector bundle over B. If dim X is even,
then £ is Z,-graded.

Let V€ be the connection on € defined in [9, (1.7)], which preserves the L? inner
product on £.If U € TB, let U € THW be its horizontal lift in THW so that =, U¥ = U. Let
{f,} be alocal orthonormal frame of TB. We denote by ¢(T) = —3 ¢ (PTX[fIfI,ff]) fPAfIN.
Let B, be the rescaled Bismut superconnection defined by (see, e.g., [4, p. 336])

c(T)

B, = /uDE + v — =2,

u>0. (2.5)
Note that B2 is a 2nd-order elliptic differential operator along the fibers
[6, Theorem 3.5].

We assume that ker Df( forms a vector bundle over B. Then the L? inner product
on £ induces a G-invariant metric on ker DE. Let PX°" : £ — ker DE be the orthogonal

projection with respect to the L? inner product on &. Let
vker . pker o y& o pker, (2.6)
It is a G-invariant Hermitian connection on ker Df(.

We define the supertrace Tr; on a trace class operator on End(f) as in [4,

Section 1.3]. If P is a trace class operator acting on A(T*B)®End(&) that takes values
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in A(T*B), we use the convention that if w € A(T*B),
TrlwP] = 0Tr[P], TrgwP] = oTr[P]. (2.7)

We denote by Trodd/even[p] the part of Tr[P] that takes values in odd or even forms. Set

— Tr[P], if dim X is even;
Tr[P] = (2.8)
Tredd[p], if dimX is odd.
Foro e Qf(B), set
L\
-, if j is even;
Yp(a) = ) i ’ (2.9)
2 . ..
\/LE (271\1/?1) -a, ifjis odd.
For 8 € Q*(B x [0, 11,), if B = By + du A B,, with By, B, € A(T*B), set
[B1%% := B,. (2.10)

The following definition is the equivariant version of the Bismut-Cheeger eta

form in [8].

Definition 2.1. [21, Definition 2.3] For g € G, the equivariant Bismut-Cheeger eta form
is defined by

) 2 du
figC(n,E) := _/o [waB Tr [gexp(— (Bu Fun %) )” du

* 1 even aBu 2 even
/0 EI/IBTI‘ g u exp(—B;) | du € @ (B,0),

if dim X is odd;
— (2.11)

* 1 B
—YpT — -B%)|d qeodd B, (),
/0 NN A [g S exp( u)] u e Q°4(,0)

if dim X is even.

Note that the convergence of the integrals in (11) are highly nontrivial [21, (2.72),
(2.77)] (cf. also [4, Theorem 10.32]). Remark that by changing the variable (see also
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[21, Remark 2.4]),

o 2 du
iBC(n,E) = — Yrwp TT | gexp| — (B2 +du A 2 du. (2.12)
g 0 u

We define the reduced equivariant eta form ﬁgc(n,E) asin (1.9).IfE=E, @ E_
is Z,-graded, we define rzzgc(n,E) = ﬁgc(n,E+) — ﬁgc(n,E_).

Now, we recall the definition of the equivariant eta form with perturbation
in [23].

Let Kg(B) be the equivariant topological K°-group of B. Fix s € S'. Let ¢t : B —
B x S!', b — (b,s), be the G-equivariant inclusion map, where we suppose that the

G-action on S! is trivial. From [33, Definitions 2.7 and 2.8],
KL(B) ~ ker (z* . K9(B x S1) — Kg(B)) . (2.13)

Recall that G acts on B trivially. For x € Kg(B), g € G, the classical equivariant Chern
character map sends x to chg(x) € H®*™(B,C). By (2.13), for x € Ké(B), we can regard x

as an element x’ in Kg (B x S'). The odd equivariant Chern character map
ch, : K;(B) — H°(B,C) (2.14)

is defined by chy(x) := [q chy(x').

If dimX is even (resp. odd), the equivariant (analytic) index Ind(D)E() €
K%(B) (resp. KL(B)). If Ind(DE) = 0 e Kj(B), by [23, Proposition 3.3 (i)] (cf. also
[30, Proposition 1] and [31, Proposition 2]), there exists a smooth family of equivariant
bounded pseudodifferential operators A such that (D% + A)| x, 1s invertible for any
b € B. If dim X is even, A is additionally required to anti-commute with the Z,-grading
of the spinor Sy. (If E = E,_ @ E_ is Z,-graded, A is required to anti-commute with the
Z,-grading of Sy®E when dimX is even and commute with the Z,-grading of Sy®FE
when dim X is odd.) Such operator A is called a perturbation operator.

Let x € C*°(R) be a cut-off function such that

0, ifu<l;
x(uw) = (2.15)
1, ifu> 2.
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Set
B, =B, + Vux (VwA. (2.16)

The following definition is the equivariant version of the eta form with perturbation in
[17, 30, 31].

Definition 2.2. [23, Definition 3.12] Modulo exact forms on B, the equivariant eta form

with perturbation operator A is defined by

du

~ o T ! 9 2
ng(m, A) == —/0 [waB Tr |:gexp(— (Bu—l—du/\ @) ):“ du

/

© 1 B
/ TVfBTreven |:g —u exp(—(]B%/u)z)] du, ifdimX is odd;
0 T

ou
- (2.17)
/Oo ;w Tr [ 9By, exp(— (B! )2):| du, if dimX is even
o 2ymv—1 B 59 u TP ' '
Moreover, as in (1.8) (see, e.g., [23, (3.66)]),
dijg (7, A) =/ A, (TX,V™®)chy (E, VE). (2.18)
X9

As in (2.12), we have

o 2 du
no(m, A) = — waB’ﬁ‘ gexpl| — IB%’Z+du/\i du. (2.19)
g 0 u u

The proof of the well-definedness of f/g(n,A) is the same as that of ﬁgc(n,E).
Remark that if we choose another cut-off function, the difference of the new eta form
and the original one is an exact form. So modulo exact forms, the definition of ﬁg(n, A)
is independent of the choice of the cut-off function in (2.15).

Now, we discuss the relations between these two types of equivariant eta forms
when ker Df} forms a vector bundle over B.

Case 1: dim X is odd.

Since keer( forms a vector bundle, ker(Df( + Pkery = 0. So from
[23, Proposition 3.3] (cf. also [30, Proposition 1]), we have Ind(D¥) = 0 € K;(B) and

PKeT is a perturbation operator.
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Proposition 2.3. If dim X is odd, we have
fig(t, PXT) = ji5%(x, E) mod d*(B). (2.20)
Proof. Let I@u be the Bismut superconnection with respect to the fiber bundle

W x [0,1; — B x [0,1]; with fiber X such that restricted on W x {s}, s € [0,1],

. _ 3 T
B, := B2 + usx (WP = u(D% + sx(wP*") + V& + ds A el %u) (2.21)

We decompose

~ 3 \2
Vo, 5 Tr00 |:g exp (— (B;z +du A @) )}

=duny,s)+dsAar(u,s)+dundsnry(u,s) +ry(u,s), (2.22)

where y,r;, 1,73 do not contain du neither ds. From (2.12), (2.19), and (22), we have

7EC(n, E) = —/ y(w,0)du, i, (m, PT) = —/ y(u, 1) du. (2.23)
0 0

By [4, Theorem 9.17],

d d B =, AR
(du/\£+dsA£+d )Tr|:gexp(— (]B%u2+duA @) )} =0. (2.24)

So from (2.22) and (2.24),

ay(u,s) _ ory(u,s)
s du

+ dBrz(u, s). (2.25)

From (2.23) and (2.25),

+00
g, PRy — 5 (o, ) = / (@) - p(w,0) du

+00 oo
/ / —y(u s)dsdu = / / —y(u s) duds
“+00 “+00
/ / —r1 (u,s)duds — dB/ / ry(u,s) duds

+o00
=/ (r1(0,5) — r1(00,5)) ds—dB/ / ro(u,s)duds. (2.26)
0
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The commutative property of the integrals in the above formula is guaranteed by [21,
(2.72), (2.77)] for s € [0, 1]. By (2.15), (2.22), and the equivariant family local index theorem
(see, e.g., [25, Theorem 1], [21, Theorem 2.2]), as in [21, (2.96), (2.97)], we have

(0,5 =0, (00 =—— lim g {TrOdd [gexp (— (E;Z)Z)]}ds. (2.27)

ﬁ u——+00

Therefore, by (2.26) and (2.27), modulo exact forms on B, we have

iigr, P%) — 75C (o, E) = ~ 1 iim I/IB/OI {Trodd [g exp (— (E;z)z)]}ds ds.  (2.28)

ﬁ U——+00

For a family of bounded operators A,, u € R, we write A, = O(u*k) asu — +oo
if there exists C > 0 such that if u is large enough, the norm of 4, is dominated by Cu~*.

Let PXeL be the orthogonal projection on the orthogonal complement of ker D}E{.

Set
Eu = Pker o (]E;lz)z o Pker, Fu = Pker o (@;2)2 o Pker’J‘,
(2.29)
Gy = preriL (]B%/uz)z o Pker, H, = prerl (IB%;Z)Z o pkerL
Note that
PeT(u(DE + sy (w)PXeT)}PXT = usy (u)P<e", (2.30)
v — vé 9
Denote by V = V© +ds A 5. Let
E = uZSZPker + uds /\Pker +Pker(v£)2Pker,
F/ — Pker,J_[Df( + SPker’ §]Pker,
_ (2.31)
G/ — Pker[Df,'( + SPker, V]Pker,J_'
H — Pker,L(D§ + ster)ZPker,L — Pker,L(Dg)ZPker,L.
By (2.21), when u — +o0,
E,=E +0@u™), F,=uF +F" +0(1),
(2.32)

G,=uG +G"+0(1), H,=u*H +uH"+H" +0(1),
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where F”’,G”,H",H"” are 1lst-order differential operators along the fiber. Moreover, by
(2.6) and (2.31), we have

E — GH'F = u?s?P*" 1 uds A +(VE)2 4 §2C + sD, (2.33)

where

C = Pker% Pker,J_ ( Pker,J_ Df( Pker,J_) -2 Pker,J_ 6 Pker

D= 2Pker§Pker,J_ (Pker,J_Dgpker,J_)— 1 Pker,J_ %Pker.

(2.34)

Following the same way as the proof of [21, Theorem 5.13] (cf. also [4, Theorem 9.19]),

when u — +00, we can obtain
exp (= (Bp)") = P o exp (— (' = GH'F)) o P 4 0w ™), (2.35)
So from (2.28), as in [21, Theorem 5.15], modulo exact forms,

1

1
ﬁg(n,Pker) - ﬁgc(n,E) = W u1_1)14{100 | ue u’s’ Y Tre"®"[g exp(—(VE™)2 — s2C — sD)] ds

u

1
== lim e Yy Tr*¥ g exp(—(V¥N)2 — u~2£2C — = 'tD)ldt.  (2.36)
T u—>+0 /g

Using the Volterra series (cf., e.g., [4, (2.5)]), we have
= k ~BC 1 o g E ok 1 E gk
fg(m, P") — iy~ (7, E) = ﬁ/o et dt- chy(ker Dy, V) = Echg(kerD , V), (2.37)
By (1.9) and (2.37), the proof of Proposition 2.3 is completed. |

Remark that we can also obtain this proposition using the method in [4, Chapter

9] as in [30, Proposition 17].
Remark 2.4. (a) Observe that from (1.8) and (2.18),

dBﬁg(n,Pker) = dPiEC(n, E) = / Kg(TX, v™)ch, (B, VF), (2.38)
X9
which is compatible with this proposition.

(b) If B is a point, from [23, Remark 3.20], both sides of (2.20) are equal to the

reduced eta invariant.
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Case 2: dim X is even.

In this case, keer( = kerD, @ kerD_ is a Z,-graded vector bundle. But pker jg
not a perturbation operator because P*°" does not anti-commute with the Z,-grading of
the spinor. In general, Ind(D%) # 0 € K2(B).

We consider a new equivariant fiber bundle =’ : W u B — B with fiber X u
{pt}, which is the disjoint union of the fiber bundle W — B and a new fiber bundle
B x {pt} — B whose fiber is a point. We denote by (kerD,)_ and (kerD_), the vector
bundles ker D, and kerD_ over B x {pt} with the inverse grading. Let D¥ be the Dirac
operator on H = £ @ (kerD,)_ & (kerD_), with respect to the fiber bundle n’. Then
DH = DE 0@ 0. Note that

Ind(D¥) = IndD% — IndD% = 0 € K2(B). (2.39)

Let ﬁgc(n’,Eu (ker D)°P) be the equivariant Bismut-Cheeger eta form associated

with this fiber bundle =’. Here, (kerD)E()"p denotes the Z,-graded vector bundle keer(

with the opposite grading. Notice that if the fiber is a point, the corresponding Bismut-
Cheeger eta form vanishes. Thus, we have

fis¢ (', E u (ker D)°P) = 75 (n , E). (2.40)

Let V=kerD, @kerD_&(kerD,)_@(kerD_),.Let PY : H — V be the orthogonal

A:(O 1)0PV (2.41)
1 0

on (kerD, @ (kerD_),)®((kerD,)_ekerD_). Then A anticommutes with the Z,-grading
and A% =1Id on V. Since

projection on V. Let

(D + A)? =DH? + A% = pH? 4 PV, (2.42)

we see that D + A is invertible. So A is a perturation operator associated with D¥. Let

ﬁg (7', A) be the corresponding eta form with perturbation operator A.
Proposition 2.5. If dim X is even, we have

fif (', A) =n3°(r,E) mod dQ*(B). (2.43)
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Proof. From (1.9) and (2.40), we only need to prove ﬁg(n’,fl) = ﬁgc(n’,E U (ker DE)oP)
mod dQ2*(B).
Let VH = V€ @ VE®* on H. As in (2.21), we set

B = u@¥ + sy @A) + V¥ +ds n - — D

(2.44)
0s 4du

with respect to the vector bundle (W u B) x [0, 1] — B x [0, 1] with fiber X u {pt}.
Then following the same process as in (2.22)- (2.28), modulo exact forms on B,

we have

fig(t', A) — iig¢ (', E U (ker DR)P)
ds

1 . 1 ~ 57\ 2
= _M—m u1—1>I-sI-loo 1/fB/O I’I‘rs |:g exp (— (Buz) )]] ds. (2.45)

Let R¥er = (Vker)2 e the curvature of the connection VX' on ker DE. As in (2.29)- (2.37),
X

modulo exact forms on B,

fg(n', A) — g (', E U (ker D5)P)

1

+o0 2
= mwB/o e_t dt - Tr;/[g.A eXp(—Rker (&) Rker)]. (246)

Note that

Aexp(—R¥er @ RKer) — 01 exp(—RXer) 0
1 0 0 exp(—Rker)

_ pker
:( 0 exp(—R )). (2.47)
exp(—Rker) 0

Since the group action commutes with A and R¥e, TrY[gA exp(—R¥e* @ RkeT)] = 0. So
Proposition 2.5 follows from (2.40), (2.46), and (2.47).
The proof of Proposition 2.5 is completed. |

Remark 2.6. Asin (2.38), from (1.8) and (2.18), we have

dBﬁg(ﬂ/,A) — dBrzng(n’,E) — / /A\g(TX,VTX)Chg(E,VE) _ Chg(kerDE,Vker), (2.48)
X9

which is compatible with Proposition 2.5.
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3 Anomaly Formula

In this section, we will prove Theorem 1.4. We use the notations and the assumptions in
Section 1.3.

Let s € I, I = [0,1], parametrize a smooth path of equivariant horizontal
subbundles {T¥W} (o 1. The existence of such path follows from the affineness of
the space of equivariant splitting maps in the short exact sequence 0 — TX —
TW — 7n*TB — 0. Let g7X and hf be G-invariant metrics on TX and E connecting
(g8%, hE) and (g%, h¥) smoothly. Let VE be a G-invariant Hermitian connection on (E, k)
connecting Vg and VlE smoothly. Now, we get a smooth path connecting the geometric
data (TEW, g2, hE, vE) and (THW, g1*, b, VE). Let Df(,s be the fiberwise Dirac operator
associated with (TEw, gTX, VE).

If Ind(Df‘,,O) = 0 € K;(B), by the homotopy invariance of the equivariant family
index, we have Ind(D)Em) = 0 € K;(B). In this case, let Ay, A; be perturbation operators
with respect to D?(,O’ D)Em, respectively. Let 7, o(, Ag) and 7, (7, A;) be corresponding
equivariant eta forms with perturbations. Let Py, P, be orthogonal projections onto
the eigenspaces of the positive spectrum of wa + Ay and Df(,l + A,, respectively. Let
sfel{(D% o+ Ag, Py), (DX | + A;, P))} € K§(B) be the equivariant Dai-Zhang higher spectral
flow defined in [23, Definitions 3.7 and 3.8] (cf. also [17, Definition 1.5]), which we denote
by st{D)E‘,'0 + Ay, D)E(’1 + A, } for simplicity. The following proposition was established in

[23], which is a generalization of [17, Theorem 0.1].

Proposition 3.1. [23, Theorem 1.2] For any g € G, modulo exact forms on B, we have

Mg (T, Ay = g o(r, Ag) = / gﬁg(Tx, VX, Vi%) chy (E, V§)
X!
+ /Xg Kg(TX, vIx) EHg(E, V§. Vi) + chy (st{D)E(,O +Ag, D% 1 + Al}) . (3.1)

Case 1: dim X is odd.

In this case, Theorem 1.4 follows directly from Propositions 2.3 and 3.1.

Theorem 3.2. If dim X is odd, for any g € G, modulo exact forms on B, we have

G 0r,B) — 5 0r,B) = [ Byrx, VX, 91¥) ohy(E, V)
X9

+/Xg By(TX, VI¥) chy(E, V§, VE) + ohy (sf6lDf o + P, D, +P}<er}), (3.2)
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Here, Plger and Plfer are the orthogonal projections onto kerD% , and kerD% ,, respec-

tively.

Remark that if there is a smooth path connecting (TH¥W,gl*, hE, V) and
(Tf'wW, g1, k%, V) such that dimkerD  is locally constant, we have sf {Df, +
Plger,D}E{,1 + Pkery = 0 and [ch(kerD}E{IO)] = [ch(keer('l)]. This is the case in [21,
Theorem 1.2].

Case 2: dim X is even.

In this case, recall that we assume keer“. = kerDJﬁi ® kerD_., i =0,1, are

i
Z,-graded vector bundles over B. Remark that if s € (0,1), dim kerD?s is usually not
locally constant and ker D)E(,o is not isomorphic to ker D)E(,1 as equivariant vector bundles.
We will use a perturbation trick in [19, 26] to overcome this difficulty.

Consider the equivariant fiber bundle 7 x Id : W x [0,1] — B x [0, 1] and the
equivariant Z,-graded Hilbert bundle #, over B x [0, 1] with fiber LZ(X(b'S),Si(TX) ®
Ely, ) for (b,s) € Bx[0, 1]. Let THT/I~/|BX{S} := THW®R, which is an equivariant horizontal
subbundle with respect to 7 x Id. Let (7%, h¥, V) be the geometric data associated with
7 x Id induced from (g7%, hE, VE). Let DE = D, ® D_ be the corresponding Z,-graded
fiberwise Dirac operator. Then ﬁi|Bx{0} =D, yand Di|BX{1} =D, ;.

By [19, Lemma 7.13] (see also [26, p.27]), there exist finite dimensional vector
subbundles L, C H, and complementary closed subbundles K, C #, over B x [0, 1],
that is, #, = L, ® K., such that D, € Hom(H,,H;) is block diagonal as a map
D, : L, ®K,; — L. ® K. and D, restricts to an isomorphism between K, and K_.
Remark that the direct sums here may not be orthogonal. It is easy to see that we could
choose L, and K to be G-equivariant.

Note that kerf)jE C L.. Add a new Z,-graded vector bundle (L,)_ @ (L_), over
B x [0,1] x {pt}. As in Section 2, (L,)_ and (L_), are vector bundles L, and L_ with the
inverse grading.

As in Section 2, we consider the equivariant fiber bundle =’ xId : (WuB) x[0, 1] —
B x [0, 1] with fiber X U {pt}. Let D* be the fiberwise Dirac operator on HX = H & Ly)_&
(L_),.ThenD' =DE®0@0.Let PL : HL — L, ®L_& (L,)_ @ (L_), be the projection. Let

AL=( 01 )oPL (3.3)
1 0

on (L, ® (L_),) ® (Ly)_ ® L_). From [19, Lemma 7.20], D* + A’ is invertible. Since
Al anti-commutes with the Z,-grading of H’, it is a perturbation operator associated
with D
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Fori=0,1, kerD, ; are equivariant subbundles of L, ; := L, |p, ;- Let F ; be the
orthogonal complements of kerD, ;in L, ;. Then L, ; = kerD_ ; ®F, ;. Since D, ;: F, ; —
F_
F, ;and F_, via the isomorphism D ;. Let P : |, ;; — kerD} ;& (L, ;)_ & (L_;), be

we have F, ; >~ F_; as equivariant vector bundles over B x {i}, i = 0, 1. We identify

the orthogonal projection. Let

ker __
‘AF,i -

S O ~= O
o O O +
— O O O
o = O O

on
(kerD, ;& (kerD_,),) & ((kerD, ;)_ dkerD_,) & (F_,), & (F, ;) _.

Let D{f = EL|BX{”, i1=0,1. Then A}‘,eir are perturbation operators associated with DLL.
Fori = 0,1, let Vf and V}‘er be connections in (2.5) and (2.6) associated with
(TEW, g7*, hE, VE). Let VI and V¥ be the projected compatible connections on L; and F;,

respectively, as in (2.6). Let Vig'F = Vf ® V%‘er ® V¥ on HLle{i}' Set

c(T;)

Eizli = uDF + x(u)A}ffir) + Vf'F -

(3.5)

where ¢(T;) is associated with (THW, g7*). Let ﬁgi(n’, Alli‘fir) be corresponding eta forms
forg € G.

For two equivariant geometric triples E = (E,hf,VE) and F = (F,hf,VF), if
E ~ F as equivariant vector bundles over B, we denote by Eﬁg(g,g) the equivariant

Chern-Simons form between E and F for g € G. Moreover, we have
dchy(E, F) = chy(F, VF) — chy(E, V). (3.6)
Lemma 3.3. IfdimX iseven, forge G,i= 0,1, we have

', AR = i8S (e, B) — ohy (F_;,F.;)  mod d@*(B). (3.7)
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Proof. Fori=0,1, let

Ai:(o 1) (3.8)
10

on (kerD, ; ® (kerD_;),) & ((kerD, ;)_@kerD_ ). Let

on (F_;), ® (F,;)_. Then Alléef =A;® Ao Pf By Proposition 2.5, we have
(', A = ﬁgg(n,E) mod dQ*(B). (3.10)

From Definition 2.2, (2.12), and (2.19), modulo exact forms on B,

00 — avF ) (VF .)2

“H ./ pkery _ =H _/ v—1 u? i u?i
(', Akery = JA) — YT —— )| du, 3.11
Tgi(T s Api) =g (1, AD /o 27 |:g ou exp( 271«/—1)1| ¢ ( )

where VI, = VI @ VX + /ux(VwAg,; on F, ; ® F_,;. We denote by

o /1 avrh, (VE, )2
A F . usi u?,i
Wi i= [ g [9 u P\ 2T )| 12

which is the equivariant eta form with perturbation when the fiber is a point and
is the analogue of the analytic torsion for a finite dimensional complex [10]. Let
Vi =VE @ VP, + Judy;on (F_;), &F_; We deform the metric and the connection
fromF, ;@ F_;toF_;®F_;. Since Ap; is invertible, by [7, Theorem 2.10], modulo exact

forms, we have
g (Vi ) = ig(VE, ) = chy ((F,,i)+ ®F_,F, ;@ F;) = ch, (F; FL) : (3.13)
From [7, (2.24)], we see that ﬁg(@j’z i) = 0. So modulo exact forms, by (3.13), we have

ﬁg(vgzli) = alg (F—,irfﬁ) . (3.14)

From (3.10)- (3.12) and (3.14), we obtain Lemma 3.1. [ |
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Since L is an equivariant vector bundle over B x [0, 1], L is isomorphic to L; as

equivariant Z,-graded vector bundles over B.

Theorem 3.4. If dim X is even, for any g € G, modulo exact forms on B, we have

Ngq (7, E) — llgo(, E) = / A, (TX, Vi, V%) chy(E, V§)
, , o
- /X ) A,(TX,V{¥)ch,(E, VE, VE) + ch, (st{Dg + AkT DY+ AfeT })
+Chy(F_,F, ) — chy(F_o F, o) — chy(Ly, Ly)
+chy(Ly, VI @ VI, VI) — ch, (Lo, V6 & V§, VE). (3.15)
Proof. Fori=0,1,let V:" = V& @ VL. Denote by AF = AX|p, . Set

T.
= u(D} + x(wAb) + V& - c(Ti) (3.16)
v 4u

I’éL

u?,i

Let ﬁgi(n/, AF) be corresponding equivariant eta forms. Since sfg{D§ + Af, DY + A%} =0,

from Proposition 3.1, modulo exact forms, we have
g1 (', AD) = g, Ag) = / A (TX, VX, V%) chy (B, VE)
X9
+ /Xg Ay (TX, V{¥) chy(E, V5, VT) — chy(Ly, Ly (3.17)
and
+ chy (sf{D¥ + AR, DE + AL}, (3.18)
Since
sfo(D" + AR, D + AKT} = sf, (D" + AK%, D* + AL}
— sfg (D" + AT, DF + A%}, (3.19)

Theorem 3.4 follows from (3.17), (3.18), and Lemma 3.1.
The proof of Theorem 3.4 is completed. |
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Remark that by [24, Definition 2.14], for any equivariant Chern-Simons form
ch, (), [0,ch, ()] € KY(B). So, by [24, Proposition 3.1], chy() € chy(K5(B)). (In [24], it is
easy to see that Proposition 3.1 holds for any compact Lie group G when G acts on B
trivially.) Therefore, we obtain Theorem 1.4.

The following lemma will be used in Sections 4 and 5.

Lemma 3.5. Assume that dimX is even and Ind(Df) = 0 € KO(B). Let Ay be a
perturbation operator associated with Df‘,. Then there exists x € Ké(B), which can be
constructed as an equivariant higher spectral flow explicitly, such that modulo exact

forms, for g € G,
Mg, Ag) = p¢(, E) + chy(x) mod dQ*(B). (3.20)

Proof. Since Ind(Df() =0c¢€ K%(B), by [33, Proposition 2.4], there exists n € N, such

that kerD, @ ¢} ~kerD_ @ ", where ¢} are equivariant trivial n-dimensional complex

vector bundles over B with Z,-grading. We identify ker D, @ ¢} and kerD_ @ ¢ via this

isomorphism. We consider ¢? as vector bundles over B x {pt} with trivial connections.
LetP, : £ @ et @ e™ — ker DY @ & @ ¢" be the projection. Let

1
Afefz( (1) o )OPE (3.21)

on (kerD, @ &%) @ (kerD_ @ &™). Let

(3.22)

= O O

o = O
o
g

o O

on E@eT@e". Then AT and A, are perturbation operators associated with the fiberwise
Dirac operator DY = DE @ 0® 0 on £ @ &7 @ &". Let ﬁg(n’,Afer) and ﬁg(n’,Ag) be
corresponding equivariant eta forms with perturbation. By the proof of Proposition 2.5,

we have

T (', AL) = ii5%(x, B)  mod dQ*(B). (3.23)
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From (3.11) and (3.14), since the connections on ¢} are trivial, modulo exact forms, we

have

Mgt Ag) =15 (', A,). (3.24)

From Proposition 3.1, modulo exact forms, we have
T, A,) — g (', AET) = ch, (sf{D¥ + AF", D + A, }). (3.25)

So from (3.23)- (3.25), modulo exact forms, we have
ig(m, Ax) — chy(sf(D¥ + AL, DF + A.}) = 15°(r, E) mod dQ*(B). (3.26)
The proof of Lemma 3.5 is completed. |

4 Embedding Formula

In this section, we will prove Theorem 1.5. We use the notations and the assumptions in
Section 1.4.

Let ¢ = & @ & be the Z,-graded vector bundle over W. From
[22, Proposition 3.6], if IndD’;, = 0 € K;(B), then IndDi, = 0 € K;(B). Moreover, we
have the following proposition, which is the equivariant family extension of the main

result in [11].

Proposition 4.1.  [22, Theorem 3.7] Assume that IndD}, = 0 € K;(B). Let Ay and Ay
be perturbation operators associated with D}, and Di,, respectively. Then there exists a
perturbation operator Ay, x associated with DS, depending on Ay, such that modulo
exact forms on B, for g € G,

gy, Ax) = fjg(my, Ay) + /Xg Kg(TX,vTX) Vg(fy,fx)

+ [ Ry(umN, ) B, V) oy, )
v9

+chy(sfg{Dy + A, x. Dy + Agh.  (4.1)

Remark that in [22], the author assumed that the embedding is totally geodesic.

In fact, this condition is not necessary because we can use the variation formula
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Proposition 3.1 to obtain the formula for the general embedding from the totally
geodesic case.

Case 1: dim X is odd.

In this case, dim Y is also odd. Let Plf,er and P}}er be orthogonal projections onto

ker Dy and kerDi, respectively. So, from Proposition 2.3, we have

fig(ry, Py = 15 (y, 1) mod dQ*(B),
(4.2)
ﬁg(ﬂX,P};{(er) = ﬁgc(nx,é) mod dQ*(B).

Theorem 4.2. If dim X is odd, modulo exact forms on B, for g € G,

B, £) = 0y 0+ | By(TX, V) X (Fy, F)
X9
+ [ By(umN, ) By, V) ey, )
Y9

+ chy(sfg Dy + Apier 5 Dy + X)), (4.3)

Case 2: dim X is even.

In this case, dim Y is even. We denote by D}, = Dy , & Dy _. As in the setting of
Proposition 2.5, we add B x {pt} and consider the embedding W uB — V u B. We denote
by (kerDy ), and (kerDy ,)_ the vector bundles ker Dy, _ and ker Dy , over B x {pt} with
the inverse grading and assume that restricted on B x {pt}, the embedding is the identity
map. This new embedding also forms an equivariant version of the Atiyah-Hirzebruch
direct image from U (ker D},)°P to & U (ker DY) P.

Let nry, : WUB — B be the fiber bundle induced from 7y,. Let PY be the projection

onto ker D}, @ (ker D,)°P. Set
0 1
Ay = oPY (4.4)
1 0

on (kerDy , @ (kerDy ), )@ ((kerDy ,)_@kerDy _). Then, from Proposition 2.5, modulo
exact forms on B,
Ty (s Ay) = 1g° (T, 1) (4.5)

Let 7, : VUB — B be the fiber bundle induced from 7. Let ﬁgc(rrr’,, £ U (ker D,)P)
be the equivariant Bismut-Cheeger eta form associated with this fiber bundle. Since the

equivariant Bismut-Cheeger eta form vanishes when the fiber is a point, as in (2.40), we
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have
f5C (my, &) = 7gC (y;, & U (ker Dy)P). (4.6)

Let D'* and D be fiberwise Dirac operators associated with rj, and =}, Since
Ind(D#) = 0 € K%(B), Ind(D*#¥) = 0 € K2(B). Let Ay be a perturbation operator
associated with D¥#. From Lemma 3.5, there exists x € K};(B), such that modulo exact

forms,
75C (., & U (ker Dy)P) = i, (y;, Ayg) — chy (). (4.7)

From (1.9), (4.5)- (4.7), and Proposition 4.1, we obtain Theorem 1.5 when dim X is even.

Theorem 4.3. If dim X is even, there exists x € K é(B) such that modulo exact forms on
B, forg € G,

ey £, = 00y 60 = im0 + [ By(TX, Yy (7, x9)
X
+ / Xg(TY,VTY'N,VTX'WQ)K;I(N, V¥)chy(E, VF) + chy(x). (4.8)
Y9

5 Functoriality

In this section, we will prove Theorem 1.6. We use the notations and the assumptions in
Section 1.5.

From [23, Lemma 3.6], if IndD§ = 0 € K}(V), then IndD% = 0 € K};(B). In this
case, the functoriality of the equivariant eta forms with perturbation was obtained
in [23].

Proposition 5.1.  [23, Theorem 1.3] Let A, and Ay be perturbation operators associated
with DZ and DE. Then there exists x € K} (B), an equivariant higher spectral flow, such

that modulo exact forms on B, for g € G,
Ng(m3, Az) = /Yg A (TY, V)i, (ny, Ax)
+/ Ay (T2, VTV, V%) ch (B, VF) + chy(x). (5.1)
Z9

Case 1: dim X is odd and dim Y is even. Then dim Z is odd.
Since ker D% and ker D form equivariant vector bundles, IndD% = IndD% =0 ¢
KL(B). Let PXerPx and PX°rPz be orthogonal projections on ker DY and ker DZ. Then PkerPx

€20z AINr 80 U0 JosN AJsIaAUN [EWLON BUIYD IseT Ad 8E6£099/7960 L/€ L/£Z0Z/S0IME/UIl/W0d" dNo"olwapeoe)/:sdjy Woj papeojuMOq



10992 B. Liu

and PXer0z are perturbation operators associated with D% and DE, respectively, as in

Section 2. By Proposition 2.3,

fig(ry, P<TP%) = 75C(r), E)  mod dQ*(V),
(5.2)
fig (773, PX*02) = B¢ (5, ) mod dQ*(B).

From Proposition 5.1 and (5.2), we obtain the functoriality in this case.

Theorem 5.2. If dimX is odd and dimY is even, there exists x € Kg(B), such that

modulo exact forms on B, for g € G,
7EC (3, E) = / A (TY, V™) 75 (), B)
Y9
+ / Ay(TZ, VTV X, VT2) chy(E, VF) + chy(x). (5.3)
Z9

Case 2: dim X is odd and dim Y is odd. Then dim Z is even.

In this case, IndDZ = 0 € K}(V) and P**TPx is a perturbation operator. From
[23, Lemma 3.6], IndDE = 0 ¢ Kg(B). Let A, be a perturbation operator with respect to
Dg. Then, by Lemma 3.5, there exists x € K};(B), such that modulo exact forms on B, for

geG,
Tg(T3, Ag) = 3¢ (3, E) + chy(x) mod dQ*(B). (5.4)
By Proposition 2.3,
fig(ry, PXeT0X) = 3BC(7r B)  mod dQ*(V). (5.5)
So from Proposition 5.1, (5.4), and (5.5), we have the following theorem.

Theorem 5.3. If dimX and dimY are both odd, there exists x € Ké(B), such that

modulo exact forms on B, for g € G,
M5C (3, E) = /yg Kg(TY,VTY) i5° (1, E)
+/ Ay (T2, VTV, V%) ch (B, VF) + chy(x). (5.6)
Z9

Case 3: dim X is even and dim Y is odd. Then dim Z is odd.
Recall that ker D¥ = ker Dy | @ker Dy _ is a Z,-graded equivariant vector bundle
over V. We consider a new equivariant fiber bundle 7y : WU V — V with fiber X u {pt}

and with vector bundle (kerDy ), @ (kerDy ,)_over V x {pt}.
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Let 'ﬁg(ni,A) be the equivariant eta form with perturbation .4 in (2.41) on
(kerDy , @ (kerDy _),) & ((kerDy ,)_ @ kerDy _). By Proposition 2.5, we have
SH _ ZBC *
Al ({, A) = i5%(xy, E) mod dQ* (V). (5.7)
We consider the equivariant fiber bundle 75 Lz, : WUV — B such that the

. . . . . ker DE
geometric triple over W is E and that over V is (kerD}E()"p . Since kerDYe]r X and keng

are equivariant vector bundles, from Definition 2.1,
Mg (3 Uy , E U (ker D5)P) = 72¢ (3, E) — 7, (7, ker D). (5.8)

Since dimZ and dim Y are both odd, by Proposition 2.3, there exists a perturbation
operator Ap of the fiberwise Dirac operator associated with the fiber bundle 75 U 7, ,

such that modulo exact forms, for g € G,

gz Umy , Ap) = 3¢ (m3 Umy , E U (ker DY)P)
1 1 ker DE
+ Echg(keng) - Echg(kerDYer %), (5.9)
So from Proposition 5.1 and (5.7)- (5.9), we have the following theorem.

Theorem 5.4. If dimX is even and dimY is odd, there exists x € Kg(B), such that

modulo exact forms on B, for g € G,

7BC (5, E) = 78C(y, ker DE) + / Ay(TY, V) 75, )
Y9

+ / Ay(TZ, VTV TX, VT2) chy(E, VF) + chy(x). (5.10)
Z9

Case 4: dim X is even and dim Y is even. Then dim Z is even.

We consider the fiber bundles in Case 3. In this case, (5.7) and (5.8) still hold.
Let f)X be the fiberwise Dirac operator with respect to 7;. Then Ind(ﬁX) =0¢ Kg(V). By
[23, Lemma 3.6], IndD% — Inle;erDE‘ = 0 € K%(B). By Lemma 3.5, in this case, (9) is

replaced by
(g Uy, Ap) = oC (3 Umy , E U (ker D)%) + chy(x). (5.11)

Here, x is an element of K}(B).
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Theorem 5.5. If dimX and dimY are both even, there exists x € K};(B), such that

modulo exact forms on B, for g € G,

7BC (3, E) = 7EC (5, ker DE) + / A (TY, V™) iE (), E)
Y9

+/ A, (TZ, V™™,V chy(E, VF) + chy(x). (5.12)
Z9
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